Abstract. This paper concerns with the global classical solution to the Cauchy problem of the nonlinear double dispersive wave equation with strong damping
Introduction
In 1872, J. Boussinesq [1] derived model equation
to describe the propagation of long waves on the surface of shallow water, where u(x, t) is an elevation of the free surface of fluid, subscripts denote partial derivatives, and α > 0 and β are real numbers depending on the depth of fluid and the characteristic speed of long waves. For the equation (1.1) and its various generalized forms, there have been a lot of impressive works from both local and global well-posedness to the blowup of solutions [see, for example, 3-4, 6-7, 10, 13-14] . Since equation (1.1) is a nonlinear evolution equation describing wave motion in a medium with dissipation , it is interesting to take into account the effects of viscosity. V. Varlamov [2] studied the damped Boussinesq equation
and proved the local in time existence and uniqueness of smooth solutions of the Cauchy problem, where 2bu xxt represents the internal strong damping. The equation of (1.2)-type with weak damping u t and a linear feed-back term (u − [u]) on a periodic domain has been examined in [5] from the point of view of establishing the global well-posedness.
In the classical paper [1] , Boussinesq also derived an approximate equation from the Euler equation for surface wave in irrotational motion u tt − u xx − ε 2 u xxtt + ε 6 u xxxx − 3εu x u xx = 0, (1.3) where ε > 0 is parameter. By virtue of a priori estimate and the successive approximation, T. Kano and T. Nishida [8] investigated the global existence of the Cauchy problem for the revised version of equation (1.3) u tt − u xx − ε 2 u xxtt + ε 6 u xxxx + 2εu x u xt + εu t u xx = 0. (1.4) Since equation (1.3) includes two dispersive terms, we call it double dispersive wave equation. Its generalized form of (1.3) is as follows u tt − u xx − au xxtt + bu xxxx = dσ(u x ) x , (1.5) where a, b and d are positive constants, σ is a given nonlinear function. The equations (1.3) and (1.5) take into account the effects of dispersion and nonlinearity, but in real processes, if we also consider the effects of the strong internal damping [2, 15] , then the double dispersion wave equation with strong damping is as follows u tt − u xx − au xxtt + bu xxxx − cu xxt = dσ(u x ) x . (1.6) The N dimension model of (1.6) is
We can assume that the dispersion coefficient a = b = 1 by the scaling transfor-
. Also, we can assume that σ i (0) = 0, otherwise, we can replace σ i (s) by σ i (s) − σ i (0). Thus, without loss of generality, we study the following Cauchy problem
where c and d are positive constants, u 0 (x) and u 1 (x) are given initial functions and σ i (s) (i = 1, · · · , N ) are given nonlinear functions.
One of the methods of studying Cauchy problems for high-order nonlinear evolution equations is the inverse scattering transform [11] . However, this technique does not work for a wide class of dissipative equation which are not completely integrable. Another approach has been proposed by Naumkin and Shishmarev [12] , By means of using both the spectral and perturbation theories they have succeeded in constructing the exact solutions of the Cauchy problem. In 1996, Varlamov [2] developed the method to investigate that of the damped Boussinesq equation and proved the local in time existence and uniqueness of smooth solution. Since the equation (1.8) includes the dispersive term △u tt , this approach can not be employed. In the present paper, we first reduce the Cauchy problem (1.8)-(1.9) to an equivalent Cauchy problem for a differential integral equation by the fundamental solution of a second-order partial differential equation, and then prove the existence and uniqueness of the local solution of the equivalent Cauchy problem by the contraction mapping principle, namely, the Cauchy problem (1.8)-(1.9) admits a unique local solution. Finally we prove the existence and uniqueness of global solution of the Cauchy problem (1.8)-(1.9) by priori estimates.
The paper is organized as follows. In Section 2, some notations, Lemmas and the main results are stated. The existence and uniqueness of local solution of the problem (1.8)-(1.9) are studied by the contraction principle in Section 3. The existence and uniqueness of global solution of the problem (1.8)-(1.9) are investigated by the priori estimates in Section 4. The sufficient conditions on the blowup of the global solution of the problem (1.8)-(1.9) is discussed by the concavity method in Section 5, and an application is given in the last section.
Main results
We use the following abbreviations:
denotes the L 2 -inner product, and equip the Sobolev space H r (R N ) with the norm
for each real number r, where I denotes an unitary operator. Throughout this paper, u * v is the convolution defined by
We need the following lemmas, Lemma 2.1 [9] . Assume that g(u) ∈ C m (R) (m ≥ 1) and
where C is a positive constant independent of u and v.
Lemma 2.3 [18] (Sobolev imbedding theorem).
Lemma 2.4 [16] . Assume that F ∈ C 2 (R), F (t) ≥ 0, t ≥ 0 and F (0) > 0 , F ′ (0) > 0, and
where γ > 0 is a real number. Then there is a
In the following, we state the main results. Theorem 2.1.
Then the Cauchy problem (1.8)-(1.9) admits a unique local solution u(x, t) with
is bounded below, namely, there exists a constant C i such that
Then the Cauchy problem (1.8)-(1.9) admits a unique global classical solution u(x, t) with
There exists a constant γ > 0 such that
Then the solution u = u(x, t) of the Cauchy problem (1.8)-(1.9) must blow up in a finite time.
Remark. The conditions of Theorem 2.3 can be reduced if we only consider the nonexistence of global solutions of the Cauchy problem (1.8)-(1.9). We can assume that (2) and (3) of Theorem 2.3 hold. Then the global solutions of Cauchy problem (1.8)-(1.9) cease to exist in a finite time.
Existence and uniqueness of the local solution
Let P (x) be a fundamental solution of the partial differential equation
By virtue of Fourier transform, we get
and we can prove that P (x) satisfies the following properties:
(ii) P (x) satisfies the equation
Proof. (i). By virtue of the Minkowski inequality we have
where Γ(·) denotes the Gamma function. By the definition of Gamma function we know that (i) holds.
(ii). The proof of (ii) can be seen in [19] .
(iii). Since
(iii) is proved.
Observe that equation (1.8) can be written as
therefore, equation (3.1) is equivalent to the following differential-integral equation
And hence the Cauchy problem (1.8)-(1.9) is equivalent to the Cauchy problem for the equation (3.2) with initial data
In the following, we prove that the Cauchy problem (3.2)-(3.3) admits a unique local solution by the contraction mapping principle, for this goal, we first consider the Cauchy problem for linear wave equation
with initial data (3.3), we quote the following lemma.
Lemma 3.2 [17] . Assume that
, then the Cauchy problem (3.4)-(3.3) admits a unique solution satisfying
In order to prove Theorem 2.1, we first prove the following Lemma.
, then the Cauchy problem (3.2)-(3.3) admits a unique local solution w(x, t) with
where K, T > 0, w 0 ∈ H m+1 , w 1 ∈ H m . Define the norm as follows
Obviously, B(K, T ) is a nonempty complete metric space. For v ∈ B(K, T ), we consider the Cauchy problem for the linear equation
with the initial data (3.3), where
Let A denote the mapping which carries v into the unique solution to the linear problem (3.9)-(3.3). Now we employ the contraction mapping principle to show A has a unique fixed point in B(K, T ).
In the following, we divide the proofs into three steps.
Step 1. We prove that A maps B(K, T ) into B(K, T ). For any v ∈ B(K, T ), by the Sobolev embedding theorem and Lemma 3.1 we have
And (3.7) implies
In the following we show that the linear problem (3.9)-(3.3) satisfies the conditions of Lemma 3.2. By Lemma 2.1 and Lemma 2.2 we obtain (3.12) and hence it follows from (3.12) that
From (3.11) and (3.13) we know that
therefore, by Lemma 3.2 we have
Take K big enough such that
for the above K, we choose T such that
Hence by (3.14), (3.15) and (3.16) we deduce that A maps B(K, T ) into B(K, T ).
Step 2. We prove that the mapping A :
In fact, for any v,v ∈ B(K, T ), let w = Av,w = Av, W = w −w, V = v −v, so W satisfies the following Cauchy problem
From Lemma 2.1, Lemma 2.2 and (3.19) we get
where 0 < θ 1 < 1 is a constant. Noting that the fact G(x, 0) = 0 we have
Therefore, by Lemma 3.1 we have
If K, T satisfy (3.15) and (3.16) respectively, and
thus, A is strictly contractive.
Step 3. By the contraction mapping principle, we deduce that A has a unique fixed point w(x, t)(∈ B(K, T )) which is a solution to the problem (3.2)-(3.3). By virtue of integral estimates and the Gronwall inequality we know that problem (3.2)-(3.3) has at most a solution belonging to Y (T ′ ) for each T ′ > 0, where
. Therefore, the Cauchy problem (3.2)-(3.3) admits a unique local solution w(x, t) with
where [0, T 0 ) is the maximal existence interval, T 0 > 0. Now we prove that if (3.6) holds, then T 0 = +∞. In fact, assume that (3.6) holds and T 0 < +∞. For any T ′ ∈ [0, T 0 ), we consider the following Cauchy problem
is uniformly bounded about T ′ ∈ [0, T 0 ), and thus we choose T ∈ (0, T 0 ) such that for each T ′ ∈ [0, T 0 ), the Cauchy problem (3.24)-(3.25) has a unique solution w ∈ Y ( T ). The existence of such a T can be obtained by the contraction mapping principle. Particularly, (3.16) and (3.23) imply that T can be chosen independently of T ′ ∈ [0, T 0 ). Set T ′ = T 0 − T /2, Let w denote the corresponding solution to the Cauchy problem (3.24)-(3.25), and defineŵ(x, t) bŷ Rewrite the equation (1.8) as follows
Multiplying both sides of (4.1) by u t and integrating the resulting expression over (−∞, +∞), adding (u, u t ) to the both sides and using the Cauchy inequality we get
where J = max 1≤i≤N {|k i |}. Making use of the Gronwall inequality we obtain
here and in the sequel C i (T ) (i = 1, 2, 3, 4) denote constants depending on T .
Multiplying both sides of equation (1.8) by ∇ 2m+2 u t , integrating the resulting expression over (−∞, +∞) and integrating by parts we get
From (4.3) and Sobolev imbedding theorem we know that ∇u ∈ L ∞ , thus by using Lemma 2.1 and the Cauchy inequality we conclude that
where M 1 (C 1 (T )) are constants depending on C 1 (T ). Applying the Growall inequality to (4.6) we get
Therefore, it follows from (4.3) and (4.7) that
From equation (3.1) we obtain
By Lemma 3.1, Lemma 2.1 and (4.9) we get
And hence by (4.8) we have
by Theorem 2.1, we get T = +∞, namely, the Cauchy problem (1.8)-(1.9) admits a unique global generalized solution
Furthermore, by using the imbedding theorem (m > 1 + N 2 ), we obtain that the Cauchy problem (1.8)-(1.9) admits a unique global classical solution
Theorem 2.2 is proved. 
integrating both sides over (0, t), we obtain the energy identity,
where β and η are nonnegative real numbers to be given later. Then
It follows from (5.3) and the Schwartz inequality that 
Hence by (5.4) and (5.5) we get
where
By (5.7) and equation (1.8) we obtain
from (5.8) and condition (2) of Theorem 2.3 we have
and F (0) > 0, F ′ (0) > 0 if η is large enough, by Lemma 2.3 ,we obtain that
and
, and hence u(t) 2 + ∇u(t) 2 → +∞ as t → t 1 . (3) If E(0) > 0, choosing β = 0, from (5.6) and (5.9) we have
By the assumption (iii) of theorem 2.3 we know that
by the continuity of H ′ (t), we get T > 0. Multiplying (5.11) by 2H ′ (t) yields
Integrating both sides of (5.13) over [0, T ) we obtain
It follows from the condition (iii) of theorem 2.3 that 
